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OPEN SATURATED SETS WITHOUT HOLONOMY
JOHN CANTWELL AND LAWRENCE CONLON
Abstract. Open, connected, saturated sets W without holonomy in
codimension one foliations F play key roles as fundamental building
blocks. A great deal is understood about the structure of F|W , but
the possibilities have not been quantified. Here, for the case of foli-
ated 3-manifolds, we produce a finite system of closed, convex, non-
overlapping polyhedral cones in H1(W ) (real coefficients) such that the
isotopy classes of possible foliations F|W without holonomy correspond
one-to-one to the rays in the interiors of these cones. This generalizes
our classification of depth one foliations to foliations of finite depth and
more general foliations.
1. Introduction
W.Thurston shows that fibrations π :M → S1, where M is a compact 3-
manifold, are in one-one corresponance, up to isotopy, with rays through the
nontrivial lattice points in the open cones over certain top dimensional faces
of the unit ball of the Thurston norm in H1(M ;R). In [6], we produced
closed polyhedral cones in H1(M ;R), where (M,γ) is a taut sutured 3-
manifold, such that the depth-one foliations of M having the components
of R(γ) as sole compact leaves are in one-one corresponance, up to isotopy,
with rays through the nontrivial lattice points (called rational rays) in the
interiors of these cones. The cones have disjoint interiors which are open,
convex, polyhedral cones. In [3], we correct some errors in [6] and further
show that the dense leaved foliations having the components of R(γ) as sole
compact leaves and sole leaves with holonomy are in one-one corresponance,
up to isotopy, with the irrationsl rays in these open cones.
In this paper, we apply the methods of [6] and [3], suitably modified, to
open, connected, F-saturated sets without holonomy in tautly foliated 3-
manifolds (M,F). Typically a finite depth foliation has finitely many leaves
with holonomy, the complement of which are finitely many open, connected,
F-saturated sets without holonomy. Thus, our results extend the results of
[28], [6], and [3] to finite depth foliations of 3-manifolds and, more generally,
to other taut foliations. In particular, our results apply to some foliations
with exceptional minimal sets. For example,
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Example 1. Example 4.1.6 in [2] is a foliation F of a compact 3-manifold
with a unique exceptional minimal set. The complement of this minimal set
is an open, connected, F-saturated set W without holonomy to which our
results apply. Note that every leaf in the set W has a Cantor set of ends.
2. Definitions, assumptions, and results
Let (M,F) be a compact, connected, transversely oriented, foliated n-
manifold of codimension 1 and class C0+. That is, the leaves are C1 and
the tangent planes to the leaves form a topological vector bundle over M .
Less formally, F is integral to a C0 plane field. Such a foliation admits a
transverse, 1-dimensional foliation L of class C∞. The manifoldM need not
be oriented, hence leaves may fail to be orientable. We assume throughout
that (M,F) is not a foliated product.
Remark. For foliations G of arbitrary codimension q on M , there is always
to be a decomposition ∂M = ∂τM ∪ ∂⋔M , where the tangential boundary
∂τM is a union of leaves of G and the transverse boundary ∂⋔M is transverse
to G. Both, of course, are (n−1)-dimensional. Thus, G|∂⋔M is a foliation of
leaf dimension n− q− 1 and G|∂τM is a foliation of leaf dimension n− q. If
∂τM ∩ ∂⋔M 6= ∅, this intersection is to consist of corners which are convex
with respect to G. In this paper, ∂τM and ∂⋔M will always refer to the
codimension 1 foliation F. Thus, each component of ∂τM will be a compact
leaf of F. When we have cause to consider the tangential and transverse
boundary for higher codimnsion foliations (typically 1-dimensional foliations
L) we will use the words, not the symbols ∂τM and ∂⋔M .
If dimM = 3, the transverse boundary ∂⋔M has components which are
annuli, tori and/or Klein bottles. (Mo¨bius strips are ruled out by the trans-
verse orientability of F.) We require that F be taut, meaning that each leaf
meets either a closed transversal to F or a transverse, properly imbedded arc
with endpoints in ∂τM . We also require that F be boundary taut, meaning
that the induced 1-dimensional foliation F|∂⋔M is to have no 2-dimensional
Reeb components. The annular components of ∂⋔M meet ∂τM in convex
corners. Except for the possible nonorientability, M is a sutured manifold in
the sense of D. Gabai [16]. In the standard notation for sutured manifolds
(M,γ), γ = ∂⋔M and R(γ) = ∂τM .
2.1. The transverse completion. Let W ⊂ M be an open, connected,
F-saturated set. It will be useful to consider the transverse completion Ŵ
of W . This is also called the metric completion, being the completion of
W in any Riemannian metric on W relativized from a Riemannian metric
on M . For the properties of Ŵ summarized here, see [2, Section 5.2]. This
completion adds finitely many boundary leaves to W . Two such boundary
leaves may be identical in M , but distinct as leaves in ∂τŴ . Their union
in M , denoted by δW , is called the border of W . The extension F̂ of F|W
to Ŵ is obtained by adding on the components of ∂τŴ as leaves. We again
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use the notation ∂Ŵ = ∂τŴ ∪ ∂⋔Ŵ . When dimM = 3, ∂⋔Ŵ ⊂ ∂⋔M is a
union of annuli, tori, Klein bottles and/or (possibly infinitely many) infinite
rectangular strips. If dimM = 3 the tautness of F implies that F̂ is taut
and boundary tautness for F̂ follows from that of F.
2.2. Foliations of W without holonomy. We are interested in the case
that F|W is without holonomy. If F is of class C2 (class C1+lipschitz suffices),
there are only two possibilities, either F|W fibers W over S1 or each leaf of
F|W is dense in W [2, Theorem 9.1.4]. But if the smoothness class is C1 or
less, one could have exceptional minimal sets of Denjoy type.
Since, generally, we only require F to be of class C0+, we place the fol-
lowing definition.
Definition 2.1. If the foliation F|W fibers W over S1, we say that F̂ is of
relative depth one. More generally, if F|W is without holonomy and is either
dense leaved or fibers W over S1, we say that F̂ is relatively almost without
holonomy.
We will be interested in varying the foliation of W through a family of
foliations H which extend to foliations Ĥ of Ŵ , relatively almost without
holonomy. Thus, H extends F|(M rW ) to a C0+ foliation of M . But even
if F is C∞ and Ĥ is C∞, H may only extend F|(M rW ) to a C0+ foliation
of M .
2.3. The octopus decomposition. The manifold Ŵ admits an “octopus
decomposition” into a compact nucleus and finitely many arms that are
foliated interval bundles [2, Definition 5.2.13]. In the case that F is C∞ and
F̂ is of relative depth one, F is a product foliation in the arms of an octopus
decomposition with suitably large nucleus (compactness of the junctures,
cf. [2, Theorem 8.1.26]). We say that the foliation is trivial in the arms.
We will need to require that the foliations Ĥ of Ŵ admit a smooth strongly
transverse 1-dimensional foliation L̂ in the following sense.
Definition 2.2. A 1-dimensional foliation L̂ of Ŵ is strongly transverse to
the codimension 1 foliation Ĥ of Ŵ (and vice versa) if
(1) L̂ is of class C∞;
(2) ∂⋔Ŵ is the tangential boundary for L̂ and ∂τŴ is the transverse
boundary for L̂;
(3) L̂ and Ĥ are transverse;
(4) in the arms Ai of some octopus decomposition of Ŵ , L̂|Ai defines a
trivial fibration by compact intervals.
Remark . Any 1-dimensional foliation L of M which is transverse to F
induces such a foliation L̂ of Ŵ transverse to F̂. The main point of strong
tranversality is that the structure of L̂ in the arms of the octopus prevents
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an end of a leaf of L̂ from “scooting off” to infinity without accumulating
anywhere in Ŵ .
2.4. Distinction between the C0+ case and the C2 case. Remark that
the inclusion W →֒ Ŵ is a homotopy equivalence, hence H1(W ) = H1(Ŵ ).
Let H1κ(Ŵ ) ⊂ H
1(Ŵ ) be the subspace of classes represented by compactly
supported cocycles. All of these spaces are generally infinite dimensional,
but carry natural topologies. Unless otherwise indicated, homology and
cohomology are computed with real coefficients.
If F is a C2 foliation on M , it is well known that F|W will be trivial (that
is a product foliation) in the arms of some octopus decomposition of W . In
this case we work in the cohomology group H1κ(Ŵ ). In the C
0+ case this is
not true and we work in H1(Ŵ ).
2.5. Proof of main results. The proof of our main results involves three
very different parts. The first part is developed in Section 5, uses the
Schwartzmann-Sullivan theory of asymptotic cycles and is valid for dimM ≥
3 with the above assumptions on M . The second part invloves the Handel-
Miller theory of endperiodic automorphisms which is only valid for dimM =
3, is developed in Sections 6 and 7, and requires additional restrictions on
the topology of the leaves. The third part we leave to a separate paper [5]
(see the remark after the statements of Theorems 2.4 and 2.5).
2.6. Restrictions on the topology of the leaves. In Sections 6 and 7
we require that dimM = 3. We further require that all compact leaves
of F have strictly negative Euler characteristic. Disks, spheres and
projective planes are ruled out due to Reeb stability. Annuli, Mo¨bius strips,
tori and Klein bottles are ruled out to guarantee the following.
(1) The foliation is taut.
(2) If the foliation is smooth of class C∞, no semiproper leaf has a simple
end.
A simple end is one with a neighborhood homeomorphic to J× [0,∞), J = I
or J = S1. The fact that Property (1) follows from the restriction on the
leaves is essentially a theorem of S. Goodman [17] and [2, Theorem 6.3.5],
extended in a fairly straightforward way to manifolds with boundary and
corners. Property (2) will be proven in this paper (Proposition 3.1). For fo-
liations of class C0+, we need in addition the following very weak restriction
on the topology of the leaves.
Assumption. No semiproper leaf is contractible nor has the homotopy type
of the circle.
For C∞ foliations, this is automatic by (2). All of this is needed for the
Handel-Miller theory of endperiodic automorphisms of surfaces [4].
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2.7. The main results. We assume that dimM = 3 and that M satisfies
all the above assumptions. We make the following definition to simplify the
statements of Theorems 2.4 and 2.5.
Definition 2.3. A C0+ foliation Ĥ of Ŵ is admissible if it admits a strongly
transverse 1-dimensional foliation L̂ and is either of relative depth 1 or is
dense leaved without holonomy in W .
Here is our main result in the C0+ case. The proof is given in Section 7.
Theorem 2.4. There is a finite set of closed, convex, polyhedral cones
C1,C2, . . . ,Cr ⊂ H
1(Ŵ ) with disjoint interiors, each with finitely many faces
of codimension one, such that the C0 isotopy classes of admissible foliations
Ĥ of Ŵ are in natural one-to-one correspondence with the rays out of the
origin in the interiors of these cones.
Here is our main result in the C2 case (see Section 2.4). The proof is
given in Section 6.
Theorem 2.5. There is a finite set of closed, convex, polyhedral cones
Cκ1 ,C
κ
2 , . . . ,C
κ
r ⊂ H
1
κ(Ŵ ) with disjoint interiors, each with finitely many faces
of codimension one, such that the C0 isotopy classes of admissible foliations
Ĥ of Ŵ that are trivial in the arms are in natural one-to-one correspondence
with the rays out of the origin in the interiors of these cones.
Definition 2.6. The rays in the interiors of these cones will be called foliated
rays. The foliated rays meeting nontrivial elements of the integer lattice of
the cohomology groups are called rational foliated rays. The foliated rays
not meeting any nontrivial elements of the integer lattice of the cohomology
groups are called irrational foliated rays.
Remark. The rational rays correspond to the foliations of relative depth
one. The irrational rays correspond to the foliations that are dense leaved
without holonomy in W .
Remark. The isotopies in both theorems fix ∂τŴ pointwise.
Remark. The final part of the proof of both theorems involves showing
that if two admissible foliations of Ŵ are defined by the same foliated ray
then they are ambiently isotopic. We do this in a separate paper [5].
3. Semiproper leaves
In this section we prove a technical result mentioned in Section 2.6.
Here, we assume that the foliation is smooth of class C∞ (although C2 or
C1+lipschitz is sufficient), satisfying the requirement that all compact leaves
have negative Euler characteristic, and prove the following.
Proposition 3.1. If dimM = 3 and L is a semiproper leaf, then L has no
simple end.
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Proof. Semiproper leaves lie at finite levels [2, Lemma 8.3.23]. We proceed
by induction on the level of L. If the level is 0, then L semiproper implies
either that L is compact or lies in an exceptional minimal set. In the first
case, the assertion is true by default and, in the second, it is true by the
theorem of Duminy that the endset of L is a Cantor set (unpublished by
Duminy, but cf. [8]). Assume the assertion true for all semiproper leaves at
levels ≤ k−1, k ≥ 1, and let L be semiproper at level k. Then either L = X
is proper, hence a local minimal set, or L ⊂ X where X is an exceptional
local minimal set. In either case, there is an open, connected, saturated
set U ⊂ M such that X is a minimal set of F|U . Let e be an end of L
which is not asymptotic to L. By Duminy’s theorem (for exceptional local
minimal sets), a simple end must have this property. Such an end must be
asymptotic to a semiproper leaf F at level ≤ k − 1.
First suppose that F ⊂ δU is a border leaf and that e is asymptotic to
F from within Û . Let J ⊂ Û be an F-transverse arc with an endpoint
x ∈ F and let V ⊂ L be an arbitrary neighborhood of e. Then V ∩ J
must be a sequence {xi}
∞
i=0 converging exactly to x. By the Dippolito semi-
stability theorem [11], [2, Theorem 5.3.4], some loop σ on F , based at x,
has holonomy hσ such that hσ(xk) = xk+q, some k ≥ 0 and q ≥ 1. It
follows that hσ is a contraction and, by the C
∞ hypothesis, corresponds to
a compact juncture on F [2, Theorem 8.1.26]. This reference assumes that
F is orientable, but cf. [4, Section 2.3] for a way around this difficulty. Thus,
V contains an “infinite repetition” of F . Since F has level ≤ k − 1 and, if
k = 1, has negative Euler characteristic, V must contain a neighborhood of
a nonsimple end. Since V is an arbitrary neighborhood of e, the end e is
not simple.
Alternatively, the arbitrary neighborhood V ⊂ L of e does not accumulate
on a border leaf of U from within U . Since e is not asymptotic to L, V
cannot be contained in a compact part of Û , hence must meet an arm A of
an “octopus decomposition” of Û [2, Definition 5.2.13]. Let B ⊂ F ⊂ ∂τ Û
be a submanifold such that A = B × I and let x ∈ B such that V meets
{x} × I in at least one point y. Then our hypotheses imply that every loop
σ in B based at x has total holonomy hσ : {x} × I → {x} × I fixing y.
Thus V contains a submanifold homeomorphic to B, hence it contains a
neighborhood of a nonsimple end. Since V is arbitrary, e is not a simple
end. 
4. Endperiodic monodromy
Here, we work in n-manifolds, n ≥ 3, without the restrictions on the
topology of leaves of Section 2.6. Let L be a smooth 1-dimensional foliation
of M that is transverse to F and is tangent to ∂⋔M , is oriented by the
transverse orientation of F, and fibers by intervals all components of ∂⋔M
that have boundary. (This, of course, restricts the topology of F. In 3-
manifolds we have assumed that the induced foliation of ∂⋔M by F has no
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Reeb components.) Let W be an open, saturated set without holonomy.
which is fibered by F over S1 and let F̂ and L̂ denote the foliations induced
on Ŵ by F and L, respectively.
There is a sublamination X ⊂ L|Ŵ consisting of those leaves that do not
meet ∂τŴ . This sublamination is a compact sublamination of L|W . Indeed,
X is closed in W since every leaf of L̂ that gets sufficiently close to ∂τŴ
meets ∂τŴ . Since the leaves of L̂ in the arms of an octopus decomposition
are properly imbedded, compact arcs, X is confined to the compact nucleus
of the decomposition, hence is compact. We call X the core lamination of
L|W .
We will assume that Ŵ is not a foliated product, hence the core lamination
is nonempty. Indeed, if some leaf ℓ of L issues from one component of ∂τŴ
but never reaches another component, the asymptote of ℓ in Ŵ will be a
nonempty subset of X. Thus, if X = ∅, every leaf of L issues from one
component of ∂τŴ and terminates at another component, implying that
Ŵ ∼= F ×I, where F is a leaf of F. In this case, we will see that Theorem 2.4
is rather trivial, hence we will assume that X 6= ∅.
The foliation L|W can be parametrized as a flow Φt preserving F|W such
that Φ1 sends each leaf to itself. Indeed, F|W defines a fibration
π :W → S1
and one can lift the locally defined parameter t of S1 = [0, 1]/{0 ∼ 1} to
L. Equivalently, lifting Lebesgue measure on S1 gives a smooth, transverse,
holonomy invariant measure for F. Remark that the parameter becomes
unbounded near ∂τŴ and that L ⋔ ∂τŴ , hence our flow extends to a flow
on Ŵ that fixes ∂τŴ pointwise. If L is a leaf of F|W , the flow induces a
first return map, Φ1 = f : L → L, called the monodromy diffeomorphism
of L. If F is smooth, the monodromy is endperiodic ([4, Definition 2.4
and Theorem 13.16] which extend to the higher dimensional cases). In the
case that F is of class C0+, however, the restriction F|K to the nucleus
of an octopus decomposition has the property that the monodromy of any
noncompact leaf is endperiodic and this will be sufficient for our purposes
in that case.
Let Lf denote L|W and L̂f the induced foliation on Ŵ , recording thereby
the monodromy f that the flow induces on L. We will also denote X ⊂ L by
Xf . Remark that, while Lf determines the monodromy f , it is not uniquely
determined by f .
5. The Schwartzmann-Sullivan asymptotic cycles
Save mention to the contrary, we continue to work in n-manifolds, n ≥
3, without the restrictions on the topology of leaves of Section 2.6. For
compact, 1-dimensional laminations such as Xf ⊂ Lf , Sullivan’s theory of
foliation cycles [27] specializes to the Schwartzmann theory of asymptotic
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cycles [26]. We will take as our main reference the exposition of Sullivan’s
theory in [2, Chapter 10], but taking into account the full theory of de Rham
currents in [10, Chapitre III] on noncompact manifolds such as Ŵ . As
developed in [2], this theory was concerned primarily with compact foliated
manifolds having all leaves without boundary, but as noted there, everything
goes through for compact laminations of possibly noncompact manifolds,
provided that, again, all leaves have empty boundary.
5.1. Forms and currents. Here we summarize the de Rham theory of ho-
mology defined by currents, which are related to differential forms exactly as
Schwartzian distributions are related to smooth functions. Since this mate-
rial is standard, but may be considered esoteric by some, we give references
rather than proofs.
Slightly modifying the notation of [10] so as to keep track of the de-
grees of forms and currents, we set Dp = Dp(Ŵ ), the locally convex topo-
logical vector space of compactly supported p-forms of class C∞. That is,
the underlying vector space is Apc(Ŵ ) and the topology T is generated by
the increasing union of the topologies Tk defined by the C
k norm ‖ · ‖k
on compact sets, 0 ≤ k < ∞. This norm arises from a choice of C∞
atlas on Ŵ , and basic open neighborhoods of 0 in Tk are of the form
V (C, ε) = {ϕ | suppϕ ⊂ C and ‖ϕ‖k < ε}, where C ⊂ Ŵ is compact and
ε > 0. The topology T is independent of the choices. Following de Rham [10,
p. 44], we say that a subset B ⊂ Dp is bounded if all of its elements have sup-
port in a common compact set and B is bounded in the Ck norm, 0 ≤ k <∞.
We set D′p equal to the strong dual of Dp, the space of continuous linear
functionals on Dp. This is the space of p-currents on Ŵ . The topology on
D′p can now be defined exactly as in [2, Definition 10.1.17]. This makes D
′
p
into a locally convex, topological vector space. It has a notion of bounded
subset [2, Definition 10.1.20]. Both Dp and D
′
p are strong duals of one
another [10, p. 89, The´ore`me 13].
De Rham also introduces a locally convex topological vector space Ep with
underlying vector space Ap(Ŵ ). The topology uses a notion of boundedness
which is local boundedness in the Ck norms, enabling one to define when a
sequence of forms converges to 0. The support of a p-current T is the smallest
closed subset C ⊂ Ŵ such that T (α) = 0 whenever supp(α) ∩ C = ∅. The
subset E′p ⊂ D
′
p of currents with compact support is exactly the strong dual
of Ep and vice-versa [10, p. 89, The´ore`me 13]. Using the notion of bounded
set in Ep, one mimics Definition 10.1.17 of [2] to define the locally convex
topology on E′p.
All of these spaces are Montel, meaning that every bounded subset is
precompact. For the case p = 0, this is proven in [25, p. 70, The´ore`m VII
and p. 74, The´ore`me XII], the general case being similar.
The exterior derivative d : Dp → Dp+1 is continuous, hence has continuous
adjoint ∂ : D′p → D
′
p−1. Similarly, one has that d : Ep → Ep+1 is continuous
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with continuous adjoint ∂ : E′p → E
′
p−1. Since d
2 = 0, we see that ∂2 = 0.
The kernel Zp ⊂ E
′
p of ∂ is the space of p-cycles and the image Bp =
∂(E′p+1) ⊂ E
′
p is the space of p-boundaries. These are closed subspaces of
E′p. The space Hp(Ŵ ) = Zp/Bp is the de Rham homology of Ŵ , canonically
isomorphic to the singular homology. The homology of the complex (D′∗, ∂)
gives the dual space to Hpc (Ŵ ), for each p ≥ 0, which we may think of
as homology computed with locally finite, but possibly infinite, chains and
denote it by H∞p (Ŵ ) = Z
∞
p /B
∞
p , where, of course, Z
∞
p is the kernel of ∂ in
D′p and B
∞
p its image.
5.2. Topologies on homologies and cohomologies. In homology, we
topologize Hp(Ŵ ) = Zp/Bp and H
∞
p (Ŵ ) = Z
∞
p /B
∞
p with the quotient
topology.
The manifold Ŵ , if noncompact, is an increasing union
K0 ⊂ K1 ⊂ · · · ⊂ Ki ⊂ · · · = Ŵ ,
where each Ki is a compact manifold which is the nucleus of an octopus de-
composition of Ŵ . This can be used to define natural topologies on Hp(Ŵ )
and Hpκ(Ŵ ).
We topologize Hp(Ŵ ) = lim←−H
p(Ki) [22, Proposition 3F.5] with the in-
verse limit topology. This is the topology induced from the Tychonov topol-
ogy by the inclusion
lim←−H
p(Ki) ⊂ H
p(K0)×H
p(K1)× · · · ×H
p(Ki)× · · ·
In fact, this is also the quotient topology induced by the complex (E∗, d)
(exercise). In any event, it is clear that the elements of Hp(Ŵ ), viewed as
linear functionals on Hp(Ŵ ), are continuous and so, this being the vector
space dual, it is also the strong dual of Hp(Ŵ ). Similarly, the elements of
Hp(Ŵ ), viewed as linear functionals on H
p(Ŵ ), are continuous (exercise),
so homology is a subspace of the strong dual of cohomology.
Set K◦i equal to the relative interior of Ki in Ŵ , noting that the inclusions
Hpκ(K◦i ) →֒ H
p
κ(K◦i+1) induce a natural identification H
p
κ(Ŵ ) = lim−→H
p
κ(K◦i ).
We give this space the direct limit (weak) topology. Equivalently, the topol-
ogy on Hpκ(Ŵ ) ⊂ Hp(Ŵ ) is the induced topology (exercise).
5.3. The asymptotic currents for X. While the results in this section
are intended for Xg, where g is the monodromy of the leaves in W of a
foliation Ĥ of relative depth one, we will be more general for possible future
applications. Thus, let L be a one dimensional foliation of Ŵ transverse to
∂τŴ and of class at least C
0+ (no foliation H in sight). We assume that, in
the arms of a suitable octopus decomposition, the leaves of L are the fibers
of an interval bundle. We let X be the lamination consisting of the leaves of
L that do not meet ∂τŴ . Since X is closed in W and lies in the compact
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nucleus of an octopus decomposition, it is compact. Evidently, Lg and the
core lamination Xg satisfy all of this.
The Dirac currents for X are the positively oriented, nontrivial tangent
vectors to X. These currents clearly have compact support. The closure
in D′1 of the union of all positive linear combinations of Dirac currents is a
closed, convex cone CX ⊂ D
′
1, called the cone of asymptotic currents. This
cone lies on one side of a hyperplane H = ω−1(0), where ω : D′1 → R
is a compactly supported 1-form. Indeed, a nonsingular velocity field v of
L, slightly perturbed to a smooth field w and damped off to 0 outside a
compact neighborhood of X, together with a Riemannian metric, defines
a 1-form ω = 〈w, ·〉 such that ω(v) > 0 on X. Since X is compact, the
asymptotic currents are compactly supported and we can view CX ⊂ E
′
1.
When working in D′1, the continuous linear functionals are the compactly
supported 1-forms, but when working in E′1, they are all 1-forms.
The base ĈX = CX ∩ ω
−1(1) of the cone CX is compact (both in E
′
1 and
in D′1) by [2, Lemma 10.2.3]. Once again the proof goes through by the
compactness of X and the fact that our spaces are Montel. Those continuous
linear functionals η : D′1 → R which are strictly positive on ĈX are exactly
the smooth, compactly supported 1-forms on Ŵ which are transverse to X
(meaning that they take a positive value on each Dirac current). Similarly,
the continuous linear functionals η : E′1 → R, strictly positive on ĈX, are
the smooth 1-forms on Ŵ which are transverse to X. Sullivan applies the
Hahn-Banach theorem, using compactness of the base, to produce interesting
1-forms that are transverse to X (see [2, Subsection 10.2]).
5.4. Cones defined by the asymptotic cycles. The cone CX ∩ Z1 of
asymptotic cycles is also a closed, convex cone with compact base. The nat-
ural continuous linear surjection Z1 → H1(Ŵ ) carries the cone of asymptotic
cycles onto a convex cone C′
X
⊂ H1(Ŵ ) with compact base. The elements
of this cone are called asymptotic classes. Compactness of the base implies
that this cone is closed. There are dual closed, convex cones in H1κ(Ŵ ) and
H1(Ŵ ):
C
κ
X = {[η] ∈ H
1
κ(Ŵ ) | [η]([z]) ≥ 0,∀[z] ∈ C
′
X},(1)
CX = {[η] ∈ H
1(Ŵ ) | [η]([z]) ≥ 0,∀[z] ∈ C′X}.(2)
Generally, these do not have compact base. Indeed, there are interesting
cases in which C′
X
reduces to a single ray, hence the dual cone will be a full
half-space.
Examples of asymptotic cycles are nonnegative, transverse, holonomy in-
variant measures µ on X that are finite on (transverse) compact sets. By
Sullivan [2, Theorem 10.2.12], these are the only ones.
OPEN SATURATED SETS WITHOUT HOLONOMY 11
Theorem 5.1. The asymptotic cycles for X are exactly the nonnegative,
transverse, holonomy invariant measures on X that are finite on compact
sets.
By a well known theorem of J. F. Plante [23] and the fact that the leaves
of X, being 1-dimensional, are compact or have linear growth, we obtain the
following.
Lemma 5.2. There are nontrivial asymptotic cycles for X.
For the case that Ĥ is of relative depth 1 with monodromy g : L → L,
X = Xg is smooth and we have the following.
Lemma 5.3. There is a closed 1-form η on W , transverse to Xg, hence no
nontrivial asymptotic cycle bounds in (E′∗, ∂). If H is trivial in the arms
of some octopus decomposition, this form can be chosen to be compactly
supported and no nontrivial asymptotic cycle bounds either in (D′∗, ∂) or
(E′∗, ∂).
Proof. Whether the foliation is smooth or of class C0+, F|W , as a fiber
bundle over S1 with smooth leaves, has a smooth structure. Let ω be a
closed, nonsingular 1-form defining F|W . This is clearly transverse to Xg and
ω takes positive values on all nontrivial asymptotic cycles which, therefore,
cannot bound in (E′∗, ∂). Relative to a suitable octopus decomposition of
Ŵ , Xg is contained in the interior of the compact nucleus K of Ŵ . If K is
chosen large enough, then H is trivial in Ŵ rK. Thus ω = dγ outside of
K. Extending and damping γ off smoothly to be 0 in a neighborhood of Xg,
we see that the compactly supported form η = ω−dγ is as desired. Again η
takes positive values on all nontrivial asymptotic cycles, hence these cannot
bound either in (D′∗, ∂) or (E
′
∗, ∂). 
In our more general case, nontrivial asymptotic cycles may bound. When
they do not, we have the following key result, the proof of which is an
adaptation of the proof of [2, Lemma 10.2.8], which assumed the foliated
manifold (here, Ŵ ) was compact. The other hypothesis of that lemma is
given by Lemma 5.2.
Theorem 5.4. If no nontrivial asymptotic cycle bounds in (E′∗, ∂), intCX 6=
∅ and consists of exactly those classes [η] ∈ H1(Ŵ ) that are represented by
closed 1-forms η transverse to X. If no nontrivial asymptotic cycle bounds
in (D′∗, ∂), the completely analogous assertion holds for C
κ
X
with η compactly
supported.
Proof. Let C◦
X
⊂ CX be the set of classes that take strictly positive values
on the nonzero elements of C′
X
. This is nonempty by an application of the
Hahn-Banach theorem [2, Lemma 10.2.7]. If
[η] = ([η0], [η1], . . . , [ηi], . . . ) ∈ lim←−H
1(Ki) = H
1(Ŵ )
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is in C◦
X
, then η0 takes positive values on all nontrivial asymptotic cycles.
These cycles are all supported in the compact manifold K0, hence the analo-
gous result for Ŵ = K0 is proven in [2, Lemma 10.2.8]. (Compactness is used
to guarantee that H1(K0) is finite dimensional.) Thus [η0] ∈ U ⊂ H
1(K0),
where U is the interior of the dual cone there. Then
U = U ×H1(K1)×H
1(K2)× · · · ×H
1(Ki)× · · ·
is an open set in the Tychonov topology and U ∩H1(Ŵ ) = C◦
X
, hence this
set is open. We prove that it is the entire interior of CX by showing that
every [α] ∈ CX that vanishes on some nontrivial asymptotic cycle T is in
the frontier. Indeed, if [η] ∈ C◦
X
, form the line of classes t[η] + (1 − t)[α],
−1 ≤ t ≤ 1. For 0 < t ≤ 1, these classes are in C◦
X
, but for −1 ≤ t < 0, they
take negative values on T , hence are not in CX.
It remains to show that if [η] ∈ C◦
X
, then η is cohomologous to a closed form
η′ that takes positive values on the entire base ĈX of the cone of asymptotic
currents. The kernel of [η] : H1(Ŵ )→ R is a closed hyperplane in that vector
space and its pre-image V ⊂ Z1 is the kernel of η : Z1 → R, a closed vector
subspace containing B1 and meeting CX∩Z1 only at the vertex of that cone,
hence meeting CX itself only at the vertex. Using the standard Hahn-Banach
argument (cf. [2, Section 10.2]), we find a continuous linear functional η′ :
E′ → R which is strictly positive on ĈX and vanishes identically on V . Since
B1 ⊂ V , η
′ is a closed form transverse to X. Since [η′] vanishes on the kernel
of [η] and is not trivial, [η] and [η′] are positive multiples of each other,
completing the proof for the cone CX.
For the cone Cκ
X
, the proof is quite similar, but there are sufficient dif-
ferences that we will give details. The fact that Cκ◦
X
6= ∅ is guaranteed by
the standard Hahn-Banach argument. The fact that this is the interior of
Cκ
X
follows from the corresponding fact for CX via the relative topology. If
[η] ∈ intCκ
X
, we take η compactly supported, hence it is a continuous linear
functional η : D′1 → R. Restricting to the space Z
∞
1 of closed currents,
we obtain a closed subspace V = η−1{0} which contains the space B∞1 of
boundaries. Viewing CX as a cone in D
′
1, we again apply the Hahn-Banach
theorem to produce a compactly supported form η′ strictly positive on ĈX
and vanishing on V . Thus η′ is compactly supported and transverse to X.
Since B∞1 ⊂ V , η
′ is closed. Via the continuous injection E′1 →֒ D
′
1, V pulls
back to a space having as image in H1(Ŵ ) the kernel of [η] : H1(Ŵ ) → R.
Since [η′] also vanishes on this space and is nontrivial, [η] and [η′] are positive
multiples of each other. 
Varying the monodromy g within its isotopy class will give different cones
Cg = CXg and C
κ
g = C
κ
Xg
. In Sections 6 and 7, when dimM = 3, we use the
Handel-Miller theory [4] to find a monodromy h which gives maximal cones
Ch and C
κ
h among all cones given by monodramy maps in the isotopy class
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of g. The monodromy h has the “tightest” dynamics in its isotopy class,
and determines the minimal dual homology cones.
There is a serious smoothness problem with this monodromy h given by
Handel-Miller theory [4]. But h is not unique in its isotopy class and a
suitable choice will give a strongly transverse Lh which is smooth except at
finitely many closed leaves in Xh where it is only of class C
0+. Since the
Schwartzmann-Sullivan theory works when X is only integral to a C0 line
field, all will be well.
The notations Cg, C
κ
g and C
′
g, suggest dependence only on g, rather than
on the choice of Xg. In Section 5.6, we will see that this is correct when
dimM = 3. At the level of currents, the notation Cg is a bit of an abuse.
5.5. Homology directions. It will be important to characterize a partic-
ularly simple spanning set of C′
X
, the so called “homology directions” of
Fried [15, p. 260]. Assuming that L has been parametrized as a nonsingular
C0+ flow Φt, select a point x ∈ X and let Γ denote the Φ-orbit of x. If this
is a closed orbit, it defines an asymptotic cycle which we will denote by Γ.
If it is not a closed orbit, let Γτ = {Φt(x) | 0 ≤ t ≤ τ}. Let τk ↑ ∞ and set
Γk = Γτk . After passing to a subsequence, we obtain an asymptotic current
Γ = lim
k→∞
1
τk
∫
Γk
.
In fact this is a cycle. One calls Γk a “long, almost closed orbit” of Xh.
Its endpoints lie in the compact set X and it can be closed by adding a
uniformly bounded curve in M . These are averaged out in the limit and
the corresponding singular cycles, also called “long, almost closed orbits”,
are denoted by Γ′k. The cycles (1/τk)Γ
′
k also limit on Γ, proving that it is a
cycle.
Lemma 5.5. The asymptotic current Γ, obtained as above, is an asymptotic
cycle.
Another proof can be given by appealing to Stokes’s theorem.
Definition 5.6. All asymptotic cycles Γ, obtained as above, and their ho-
mology classes are called homology directions of X.
By abuse, we will denote both the cycle and its homology class by Γ.
An elementary application of ergodic theory proves the following (see [27,
Proposition II.25] and [2, Proposition 10.3.11]).
Lemma 5.7. Any asymptotic cycle µ can be arbitrarily well approximated
by finite, nonnegative linear combinations
∑r
i=1 aiΓi of homology directions.
If µ 6= 0, the coefficients ai are strictly positive and their sum is bounded
below by a constant bµ > 0 depending only on µ.
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5.6. The independence of the cones from various choices. In this
subsection, we restrict to the case that dimM = 3, imposing the usual
restrictions on the topology of the leaves of F, namely that the compact
leaves have strictly negative Euler characteristic and no leaf is contractible
nor has the homotopy type of the circle. We assume that F̂ is of relative
depth 1 on Ŵ and consider Lf and Xf , corresponding to the monodromy
homeomorphism f on a leaf L of F|W . We will not need f nor the foliations
to be smooth.
Let us first note that long, almost closed orbits and homology directions,
as classes in the singular homology H1(Ŵ ), are clearly well defined even
when Lf and Xf are only C
0. While most of the theory of asymptotic
classes fails when these objects are not at least integral to a C0 line field, we
can still define the cone C′f as the closure in H1(Ŵ ) of the set of nonnegative
linear combinations of homology directions. This is a closed, convex cone
which, when Xf is of class C
0+, coincides with the cone already defined
(Lemma 5.7). We are going to show that this cone depends only on f , not
on the choice of Lf .
Let L and L♯ be strongly transverse to F̂. Let X and X♯ be the respective
core laminations and let C′
X
and C′
X♯
denote the corresponding cones in
H1(Ŵ ), CX and CX♯ those in H
1(Ŵ ), and Cκ
X
and Cκ
X♯
those in H1κ(Ŵ ).
In [6], the following elementary theorem was deduced as a corollary of a
much deeper result (Lemma 4.10 in that reference) which we attempted to
deduce from results of M. E. Hamstrom [18, 19, 20]. A correct proof of that
lemma needs a deep result of T. Yagasaki [30], but we omit this because we
do not need it.
Theorem 5.8. Let L be a leaf of F|W , and let L and L♯ be 1-dimensional
foliations of Ŵ , strongly transverse to F̂, having respective core laminations
X and X♯, and inducing the same endperiodic monodromy f : L→ L. Then
C′
X
= C′
X♯
, CX = CX♯ and C
κ
X
= Cκ
X♯
.
We will show that the homology directions determined by the long, almost
closed orbits of X are exactly the same as the ones for X♯ and the theorem
will follow. Our arguments are carried out in the C0 category for an ar-
bitrary connected surface L that is either compact with strictly negative
Euler characteristic or is noncompact, noncontractible and not homotopy
equivalent to the circle. By our basic assumptions, the leaves of F satisfy
this condition.
Let I be the compact interval [0, 1] and consider the product L× I. (One
obtains such a product, for instance, by cuttingW apart along L and taking
as the interval fibers the resulting segments of the leaves of L.) For each
x ∈ L, denote by Ix the interval fiber with endpoints {x}×{0, 1}. Consider
a second fibration of L× I by intervals Jx, requiring that the endpoints of
Jx coincide with those of Ix, for all x ∈ L. (By the hypothesis on L♯, this
second fibration arises in our case by cutting apart along L and using the
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segments of leaves of L♯ as fibers.) For each x ∈ L, let αx denote the loop
in L× I obtained by following Ix from (x, 0) to (x, 1) and then following Jx
from (x, 1) to (x, 0). Finally, if p : L× I → L is the canonical projection, let
βx = p ◦ αx, a loop in L.
Lemma 5.9. Let x0 ∈ L and set δ = βx0 . If γ(s), 0 ≤ s ≤ 1, is any other
closed curve in L based at x0, then γ · δ = δ · γ in π1(L, x0).
Proof. Define F (s, t) = βγ(s)(t). Then F (s, 0) = γ(s) = F (s, 1). Also
F (0, t) = F (1, t) = βx0(t) = δ(t). Because of this last, we can view F as a
map from the cylinder S1 × [0, 1] into L. The curve obtained by following
F (0, t), 0 ≤ t ≤ 1, followed by F (s, 1), 0 ≤ s ≤ 1, and then F (0, 1 − t),
0 ≤ t ≤ 1, is the composite loop δ · γ · δ−1. We show how to deform
this curve continuously to γ, keeping the basepoint x0 fixed throughout the
deformation.
Let σt be the curve obtained by following F (0, τ), 0 ≤ τ ≤ t, followed by
F (s, t), 0 ≤ s ≤ 1, followed by F (0, t − τ), 0 ≤ τ ≤ t. Since σ0 = γ and
σ1 = δ · γ · δ
−1, we have the desired deformation. 
Corollary 5.10. If there exists an x0 ∈ L so that Jx0 cannot be deformed
into Ix0 keeping the endpoints fixed, then L is either compact with nonnega-
tive Euler characteristic, or is contractible, or has the homotopy type of the
circle.
Proof. The hypothesis implies that αx0 is essential in L × I, and so βx0 is
essential in L and thus is a nontrivial element of π1(L, x0). By Lemma 5.9,
every element of π1(L, x0) commutes with βx0 . Thus, if L is compact, χ(L) ≥
0. If L is not compact and not contractible, L is homotopically equivalent to
a bouquet B of circles. The only bouquet of circles that contains a nontrivial
element of π1(B, ∗) that commutes with every other element of π1(B, ∗) is
one circle. 
Proof of Theorem 5.8. Let Γ ∈ H1(Ŵ ;R) be a homology direction for X.
First assume that Γ is not represented by a closed orbit in X and write
Γ = lim
k→∞
1
τk
[Γ′k],
a limit in H1(M) of the homology classes of long, almost closed orbits. The
numbers τk are the “lengths” of Γk (measured by the transverse, invariant
measure for F|W ) and increase to ∞ with k. Thus, except for a uniformly
bounded arc in L, Γ′k is a sequence of segments, σ1, . . . , σnk of an orbit in X,
each starting and ending in L. There is a corresponding sequence σ′1, . . . , σ
′
nk
of segments of an orbit in X♯ such that σi and σ
′
i have the same endpoints
and the same lengths, 1 ≤ i ≤ nk. By Corollary 5.10, these respective
segments are homotopic by a homotopy that keeps their endpoints fixed.
Thus, we see that Γ is also a homology direction for X♯. In the case that Γ is
represented by a closed orbit, the argument adapts and is simpler. Finally,
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the roles of X and X♯ can be interchanged, proving that the two laminations
have the same homology directions. 
Proposition 5.11. Let L and L♯ be two 1-dimensional foliations strongly
transverse to F|Ŵ . Suppose that the respective core laminations X and X♯
are C0-isotopic by an isotopy ϕt : X →֒M , ϕ0 = idX and ϕ1(X) = X♯, such
that ϕt(x) lies in the same leaf of F|W as x, for 0 ≤ t ≤ 1, ∀x ∈ X. Then
C′
X
= C′
X♯
and CX = CX♯.
Proof. Parametrize the two foliations as flows using the same transverse
invariant measure θ for F. Since F is leafwise invariant under the isotopy,
the flow parameter is preserved and the long, almost closed orbits of X are
isotoped to the long, almost closed orbits of X♯. Homotopic singular cycles
are homologous and the assertions follow. 
The property that points ofW remain in the same leaf of F|W throughout
the isotopy will be indicated by saying that F|W is leafwise invariant by ϕt.
Corollary 5.12. Let f : L → L be the endperiodic first return homeomor-
phism induced on a leaf L of F|W by a strongly transverse 1-dimensional
foliation Lf of class C
0. If ϕt : L → L is an isotopy of ϕ0 = id to a
homeomorphism ϕ = ϕ1, then C
′
f = C
′
ϕfϕ−1.
Proof. Let N be a closed normal neighborhood of L inW which is a foliated
product with leaves the leaves of F meeting N and normal fibers the arcs of
L∩N . Write N = L× [−ε, ε] and consider each arc ℓx of a leaf of L issuing
in the positive direction from (x, ε) ∈ L × {ε} and first returning to N at
(f(x),−ε). In N , replace each arc τy = {y} × [−ε, ε] of L ∩N with an arc
σy : [−1, 1]→ N defined by
σy(t) = (ϕt+1(y), εt), −1 ≤ t ≤ 0,
σy(t) = (ϕ
−1
t (ϕ1(y)), εt), 0 ≤ t ≤ 1.
Notice that this still connects (y,−ε) to (y, ε). We construct an ambient
leaf-preserving isotopy ψ, supported in N and carrying each τy to σy, by
ψs(y, εt) = (ϕs(t+1)(y), εt), −1 ≤ t ≤ 0, 0 ≤ s ≤ 1,
ψs(y, εt) = (ϕ
−1
st (ϕs(y)), εt), 0 ≤ t ≤ 1, 0 ≤ s ≤ 1.
We obtain L′ from L by replacing τy with σy, ∀y ∈ L, observing that the
monodromy induced by L′ on L = L × {0} is ϕ ◦ f ◦ ϕ−1. The assertion
follows by Proposition 5.11. 
5.7. Foliated forms. In this subsection we assume that the smooth 1-
dimensional foliation L̂ on Ŵ is strongly transverse to the foliation F̂ on
W , relatively almost without holonomy and induced by the foliation F of
M . F̂ may be dense leaved or of relative depth 1. We will need that L̂r X
is smooth and that L itself is of class C0+. Our discussion will be valid for
all dimensions ≥ 3 and without restrictions on the topology of leaves.
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Definition 5.13. A closed, nonvanishing form η ∈ A1(W ), defining a fo-
liation F of W , blows up smoothly at ∂τŴ if ηx becomes unbounded as
x → ∂τŴ and F completes to a foliation F̂ of Ŵ by adjunction of the
components of ∂τŴ as leaves, F̂ being of class C
∞ and C∞-flat at ∂τŴ .
Definition 5.14. A 1-form η ∈ A1(W ) is a foliated form if it is closed,
nowhere vanishing and blows up smoothly at ∂τŴ .
We will prove the following.
Theorem 5.15. The open cone intCX consists of classes in H
1(Ŵ ) that
can be represented by foliated forms transverse to L. Similarly, the interior
of Cκ
X
consists of classes represented by L-transverse foliated forms η which
become exact in W r Ki for large enough values of i, defining a product
foliation there. If L = Lf for the monodromy of a smooth foliation F of
relative depth one, this product foliation can be chosen to agree with F in
this region.
Remark that foliated forms only live in W , not in Ŵ , but H1(Ŵ ) =
H1(W ) and any form representing a class in W can be taken to be equal to
that representing the class in Ŵ outside of any small neighborhood of ∂τŴ .
If the foliated form is exact in the arms of some octopus decomposition, it
is clear that it represents a class in H1κ(Ŵ ).
Thus, we call CX and C
κ
X
foliation cones associated to X. If X = Xf ,
where F̂ is of relative depth 1 with monodromy f , they are foliation cones
associated to f . The rays out of the origin meeting the interior of CX or of
Cκ
X
correspond to foliations Ĥ of Ŵ that have holonomy only along ∂τŴ
(C∞ tangent to the identity), are transverse to L̂ and extend F|(M rW )
over M to a foliation of class C0+. Even if F was of class C∞ and C∞-flat
along the border leaves onW , the extension may fail to be smooth unless the
foliations F̂ and Ĥ are products in the arms of an octopus decomposition.
The rational rays correspond to foliations defined by forms η with period
group infinite cyclic, defining foliations of Ŵ that fiberW over S1. The rest
of the rays in intCX consist of classes having period group dense in R and
so define foliations that are dense leaved in W . Recall that compactness
of junctures in C2 foliations forces F̂ to be trivial in the arms when F is
smooth and F|W fibers W over S1.
Proof of Theorem 5.15. Fix a class [η] ∈ intCX, the 1-form η ∈ [η] being
defined on Ŵ and transverse to X (Theorem 5.4). If F is of class C∞, select
this form to be compactly supported in W , [η] ∈ Cκ
X
. Select a neighborhood
U of X such that η ⋔ L|U . We need to show that η is cohomologous to
a foliated form. Note that, if η is compactly supported in Ki, the foliated
form will automatically be exact in W rKi.
Given x ∈ W r X, let s(t) be the smooth trajectory along L̂ in W r X,
smoothly reparametrized so that x = s(0) and s(±1) ∈ F±. Here, F+ is the
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union of outwardly oriented leaves of ∂τŴ and F− the union of inwardly
oriented ones. For some choices of x both signs may be possible and for
others only one. For definiteness, consider the case s(−1) ∈ F−. Define
a tubular neighborhood Vx = D × [−1, 3/4) of s so that s(t) = (0, t) and
{z}× [−1, 3/4) is an arc in L̂, ∀z ∈ D. Here, D is the open unit (n− 1)-ball
with polar coordinates (r, θ1, . . . , θn−2), 0 ≤ r < 1. This gives cylindrical
coordinates (t, r, θ1, . . . , θn−2) on Vx. On Vx, define a smooth, real valued
function
ℓx(t, r, θ1, . . . , θn−1) = ℓx(t, r) = ℓ(t)λ(r),
where ℓ(t) = t − 1, −1 ≤ t ≤ 1/2, and damps off to 0 smoothly and with
positive derivative as t→ 3/4, and λ(r) ≡ 1, 0 ≤ r ≤ 1/2, and damps off to
0 smoothly through positive values as r → 1. Thus, ℓx(t, r) vanishes outside
of Vx and dℓx is transverse to L̂ in Vx. Let V
′
x ⊂ Vx be the neighborhood
of x defined by −1 ≤ t < 1/2 and 0 ≤ r < 1/2. Perform an analogous
construction for trajectories out of x with s(1) ∈ F+.
Suitable choices of these open cylinders (using the local compactness)
give a locally finite open cover {U, V ′x1 , V
′
x2 , . . . } of Ŵ . For suitable choices
of positive constants ci, set ℓ =
∑∞
i=1 ciℓxi , a smooth function, supported in
W r X, with dℓ ⋔ L outside of a compact neighborhood of X in U . Since η
is bounded in any compact region of Ŵ and is transverse to L in U , we can
choose the coefficients ci > 0 large enough that η
′ = η + dℓ is a closed form
in Ŵ , cohomologous to η and transverse to L̂. This form might be badly
behaved at ∂τŴ , hence we must modify it by adding on a suitable exact
form supported in a neighborhood of the boundary leaves.
Let V = F− × [0, 1) be a normal neighborhood of F− in Ŵ , the fibers
being arcs in leaves of L̂. Let λ be a smooth function, supported in the
deleted normal neighborhood V r F−, depending only on the normal pa-
rameter t, and having λ′(t) ≥ 0, with λ′(t) = e1/t
2
near F−. Make a similar
construction near F+. Now η˜ = η
′+dλ is everywhere transverse to L, hence
nonsingular on W , it is cohomologous to η′ and it becomes unbounded at
∂τŴ . We must show that ker η˜ extends C
∞-smoothly to a plane field on Ŵ
by adding on the tangent planes to ∂τŴ . For this, set η = η˜/λ
′ = η′/λ′+dt,
a form defined on a small enough deleted neighborhood of F−. This form is
no longer closed but satisfies ker η = ker η˜ in that neighborhood. Since η′ is
bounded on Ŵ , it is clear that η approaches dt in the C∞ topology as t→ 0
and that the resulting foliation of Ŵ is of class C∞ which is C∞-trivial
at ∂τŴ . After a similar construction in a normal neighborhood of F+, we
obtain a foliated form, again denoted by η˜, transverse to L.
Note that, if we choose η compactly supported, then η˜ is exact outside of
some compact region in Ŵ . If F is smooth, we can choose L̂ to be strongly
transverse to F̂ and assume that F|W is defined by a foliated form ω which
is exact outside of a compact region. In this case, we will choose η˜ to agree
with this exact form. For i large, ω|(W r Ki) = dγ and supp η ⊂ K
◦
i .
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Choose r > 0 so that {U, V ′x1 , V
′
x2 , . . . , V
′
xr} covers Ki+1. Smoothly damp γ
off to 0 in a neighborhood N of Ki in Ki+1 so that it becomes 0 near Ki and
is unchanged in Ŵ rN , extending it by 0 over Ki. Call this new function γ˜.
Similarly, damp λ off to 0 in V rKi+1 so that dλ remains transverse to L
in V rKi+1 and becomes 0 in V rKi+2, calling this new function λ˜. Now,
η˜ = η+
∑r
j=1 cjdλxj + dλ˜+ dγ˜ is as desired for suitably large choices of the
constants cj . The proof of Theorem 5.15 is complete. 
6. Foliations of class C2
In this section, we prove Theorem 2.5. We restrict our attention to the
case that F is smooth, dimM = 3 and all compact leaves have negative
Euler characteristic. Consequently, if F̂ is a foliation of Ŵ of relative depth
one and L is a leaf of F|W , the monodromy f : L → L is endperiodic [4,
Theorem 13.16] and L has no simple ends.
Remark. Most of [4] concerns endperiodic automorphisms of surfaces with
finite endset. However, [4, Section 13.4] extends the definitions given for
surfaces with finite endsets to surfaces with infinite endsets and with these
definitions most of the results of [4] are true. We use the terminolgy, no-
tation, and results of [4] for surfaces with infinite endset without further
comment.
Remark. Our treatment of Handel-Miller theory in this paper is a brief
outline. The reader should consult [4] for details.
Given an endperiodic automorphism f : L→ L, Handel-Miller theory [4,
Section 4] gives a pair of transverse, geodesic bilaminations (Λ+,Λ−) associ-
ated to f . In [4, Section 10] we give a set of axioms and show that the pseudo-
geodesic bilaminations (Λ+,Λ−) associated to f satisfying the axioms are
ambiently isotopic to the Handel-Miller geodesic ones. In particular, they
are unique up to ambient isotopy. The following is [4, Definition 10.7].
Definition 6.1. The pseudo-geodesic bilaminations (Λ+,Λ−) in the previ-
ous paragraph are called the Handel-Miller laminations associated to f ,
The following is [4, Definition 12.4].
Definition 6.2. Suppose F̂ is a foliation of Ŵ of relative depth one and
L is a leaf of F|W with endperiodic monodromy f : L → L. If L̂ is a
1-dimensional foliation transverse to F̂ inducing monodromy h : L → L
preserving the Handel-Miller laminations (Λ+,Λ−) associated to f , then h
is called the Handel-Miller monodromy of L.
Remark . Given the laminations (Λ+,Λ−) associated to the endperiodic
monodromy f : L → L, by [4, Theorem 8.1, Corollary 10.11], there exists
Handel-Miller monodromy h : L→ L.
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Remark. By [4, Theorem 11.1] the laminations (Λ+,Λ−) can be chosen
to be smooth and h a diffeomorphism. We will always do this and take
Handel-Miller monodromy to be smooth without further comment.
Remark. In fact it will be necessary to further tighten h in a bounded open
subset of L, as we will show shortly. This will give what we will call the
tight Handel-Miller monodromy h (Definition 6.10).
By the above remarks, there is a smooth 1-dimensional foliation Lh, trans-
verse to F and inducing the tight Handel-Miller monodromy. We will show
that the cone Cκh is the maximal foliation cone corresponding to the isotopy
class of f . Note that “the” tight Handel-Miller monodromy is a misnomer.
There are infinitely many that are mutually isotopic, but we will show that
Cκh is independent of the choice. For this, we need to show that the homology
cone C′h is independent of the choice.
Definition 6.3. The homology cone C′h is called the Handel-Miller cone
where h is tight (and smooth) Handel-Miller monodromy.
We need to investigate the asymptotic cycles for Xh more carefully.
6.1. The invariant set. The lamination Xh is the Lh-saturation of the
invariant set Xh = Lr(U+∪U−), the set of points that do not escape to ends
of L under forward or backward iteration of h. Set X∗h = Λ+∩Λ− ⊆ Xh, the
so called meager invariant set. Generally, X∗h 6= Xh. Referring to [4] (where
Xh was denoted by I [4, Definition 5.11] and X
∗
h by K [4, Definition 9.1] ),
we describe the set Xh rX
∗
h.
The complement Lr(Λ+∪Λ−) generally has infinitely many components,
“most” of which lie in the ±-escaping set U+ ∪ U−, hence are disjoint from
Xh. Those components that do not lie in the ±-escaping set are the nuclei Ni
of finitely many principal regions Pi, 1 ≤ i ≤ n. The nucleusNi is a compact,
connected surface meeting X∗h in finitely many vertices, its boundary being
piecewise smooth, made up alternately of arcs of leaves of Λ+ and arcs of
leaves of Λ−. The principal regions and their nuclei are permuted amongst
themeselves by h. For a complete treatment of principal regions and their
nuclei, see [4, Subsection 6.5]. The set N = N1 ∪ · · · ∪ Nn is called the
nuclear invariant set.
Lemma 6.4. The invariant set Xh is the union of the nuclear invariant set
N and the meager invariant set X∗h.
We are going to define a “tightening” of h|N (Definition 6.10) via the
Nielsen-Thurston theory of compact surface automorphisms. Using this ter-
minology, we can state the following basic result whose proof is given in
Sections 6.2 and 6.3.
Theorem 6.5. If h is a tight C0+ Handel-Miller monodromy, there is a
minimal finite set of asymptotic cycles µ1, µr, . . . , µr such that C
′
h ⊂ H1(Ŵ )
is the closed convex cone which is the topological closure in H1(Ŵ ) of the
non-negative linerar combinations of [µ1], [µ2], . . . , [µr].
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This has the following rather obvious corollary.
Corollary 6.6. The cones C′h, Ch and C
κ
h are polyhedral. The latter two are
defined by the linear inequalities [µi] ≥ 0 and have finitely many codimen-
sion one faces defined by the linear equations [µi] = 0, 1 ≤ i ≤ r.
Since Xh is the union of XN , the Lh-saturation of N , and X
∗
h, the Lh-
saturation of X∗h, it will be enough to show that each of these sublaminations
contributes finitely many generators. We begin with XN .
6.2. The nuclear invariant set N . There are cases.
(1) A nucleus Ni may be a disk.
(2) A nucleus Ni may be an annulus or Mo¨bius strip.
(3) A nucleus Ni may have negative Euler characteristic.
The Lh-saturation XNi of a nucleus Ni is the same as the Lh-saturation
of the h-orbit of Ni.
Lemma 6.7. If Ni is a disk, XNi contributes at most one generator to the
cone C′h.
Proof. Indeed, this saturation of Ni is a solid torus and has 1-dimensional
first homology. 
Remark. We are not trying to produce a finite set of linearly independent
generators. In the case that Ni is a disk, a spanning asymptotic class is
represented by the closed, oriented Lh-orbit of a vertex of ∂Ni and this
orbit is also an asymptotic cycle for X∗h.
Lemma 6.8. If Ni is an annulus or Mo¨bius strip, XNi contributes at most
two generators to the cone C′h.
Proof. Indeed, this saturation of Ni has the homotopy type of the torus,
hence has 2-dimensional homology. The corresponding cone of asymptotic
classes is at most 2-dimensional. 
We analyze Case (3). Enumerate the nuclei with negative Euler charac-
teristic as N1, . . . , Nm. This set of nuclei is permuted by h. We will isotope h
by an isotopy supported on the union of these nuclei to “Nielsen-Thurston”
form.
For each of the nuclei Ni, 1 ≤ i ≤ m, let pi > 0 denote the h-period
of Ni, the smallest positive integer such that h
pi(Ni) = Ni. We want to
apply the Nielsen-Thurston theory of automorphisms of surfaces [1, 14, 21]
to isotope h by an isotopy supported in N1 ∪ N2 ∪ · · ·Nm to what we will
call Nielsen-Thurston form. There is a small difficulty in that this theory
was developed for smooth surfaces and ∂Ni is only piecewise smooth. We
get that problem out of the way first.
If σ is a component of ∂Ni, there is a unique simple, closed, 2-sided
geodesic ρσ ⊂ intNi which cobounds an annulus with σ. While h(ρσ) may
not be ρh(σ), they are freely homotopic to h(σ), hence to each other, and
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a theorem of D. B. A. Epstein [12, Theorem 2.1] gives a smooth ambient
isotopy ϕ, compactly supported in h(Ni), such that ϕ(h(ρσ)) = ρh(σ). Thus,
by replacing h with the diffeomorphism ϕ◦h isotopic to h and agreeing with
h outside Ni, we can assume that h(ρσ) = ρh(σ). These isotopies can be
chosen to have disjoint supports, hence we assume that h permutes the
set of loops ρσ as σ ranges over the boundary components of the nuclei in
the h-orbit of Ni. Let N
′
i denote the connected subsurface of Ni bounded
by the circles ρσ, as σ ranges over the components of ∂Ni. Thus, N
′
i has
smooth boundary and is obtained from Ni by trimming off annular collars.
To distinguish N ′i from the nucleus Ni, we refer to it as the core of the
principal region and remark that hpi carries the core onto itself.
By the Nielsen-Thurston theory, there is an integer ki > 0 and an iso-
topy of hpi |N ′i to a diffeomorphism θi, such that there is a family of simple
closed curves in N ′i , permuted among themselves by θi, splitting that sur-
face into subsurfaces, each of which is invariant under θkii . On each of these
subsurfaces, θkii is a pseudo-Anosov “diffeomorphism” or a periodic diffeo-
morphism. In the pseudo-Anosov case, θkii is a diffeomorphism outside of
a finite set of multi-pronged singularities, at which it cannot even be C1.
Actually, the reducing circles need to be slightly thickened to a family of
θkii -invariant annuli in order that θi be smooth, or even continuous on N
′
i .
Remark. While the pseudo-Anosov automorphism θkii is not quite a diffeo-
morphism, it is close enough for our purposes. In fact, the Lh-saturation of
the pseudo-Anosov subsurface is of class C0+, the well understood structure
of Lh being smooth in the complement of the singular orbits and of class
C0+ at each of these orbits [7, Appendix B]. Following standard usage, we
call it a pseudo-Anosov diffeomorphism.
Lemma 6.9. There is an isotopy of h, supported in the nuclei, which pro-
duces the isotopies of hpi |N ′i in the Nielsen-Thurston theory.
Proof. First of all, we must deal with the fact that θi and h
pi may not agree
on ∂N ′i . Fix a choice of Ni and, for notational simplicity, set pi = p, θi = θ
and re-index the h-orbit of Ni as N0, N1, . . . , Np−1, where the index is taken
mod p. Then hp and θ are isotopic on each boundary circle ρσ, hence h
−p ◦θ
is isotopic to the identity on ρσ, as this curve varies over the components of
∂Nj, 0 ≤ j < p. Using this isotopy, extend h
−p ◦θ over all of the nucleus Nj
to a diffeomorphism ϕ, isotopic to the identity and equal to the identity in
a neighborhood of ∂Nj . Then h
p ◦ϕ restricts to θ on the core N ′j and agrees
with hp near the boundary of the nucleus Nj . Rename h
p ◦ ϕ, denoting it
by θ.
Let hj = h|Nj : Nj → Nj+1, 0 ≤ j ≤ p. Set
h′0 = h
−1
1 ◦ h
−1
2 ◦ · · · ◦ h
−1
p−1 ◦ θ,
a diffeomorphism isotopic to h0. Replacing h0 with h
′
0 changes h by an
isotopy supported in the given nucleus. We do not modify hj , 1 ≤ j ≤
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p− 1. One easily checks that, with this new choice of h, hp|Nj is in Nielsen-
Thurston form, 0 ≤ j ≤ p− 1. 
Definition 6.10. The Handel-Miller monodromy, modified on N as above,
is said to be tight.
From now on, we assume that h is tight. There is a finite, h-invariant
family of annuli in the Nielsen-Thurston decomposition, those separating the
pseudo-Anosov and/or periodic pieces and the collars that were trimmed off
of the Ni’s to produce the smooth cores N
′
i . Exactly as in the proof of
Lemma 6.8, we obtain the following.
Lemma 6.11. The Lh-saturation of the finite, h-invariant family of annuli
contributes at most finitely many generators to the cone C′h.
Lemma 6.12. Let S ⊂ N ′i be such that h
kipi |S is periodic. Then the Lh-
saturation of S contributes only one generator to the cone C′h.
Proof. A theorem of Epstein, concerning foliations of compact 3-manifolds
by circles, asserts that the foliation is a Seifert fibration [13]. The saturation
of S is a compact 3-manifold with boundary that is foliated by circles. It
follows that every fiber is homologically a rational multiple of every other
fiber, completing the proof. 
Thus, to complete the proof of Theorem 6.5, we must show that the
saturation of the pseudo-Anosov components and of the meager invariant
set contribute finitely many generators. In both cases, the proof is the same,
making use of Markov dynamics. This will be carried out in the next section.
6.3. Markov dynamics and generators of C′h. We fix a tight Handel-
Miller monodromy diffeomorphism h : L→ L.
If for some positive integer q, hq : S → S is pseudo-Anosov, where S is a
subsurface of a core, it is well known that there is a Markov partition for the
dynamical system generated by hq [1, Section 6] and [14, Expose´ 9]. This is
a family of “rectangles” R1, R2, . . . , Rr with disjoint interiors, each with a
pair of opposite sides called “top” and “bottom” and a pair of opposite sides
called “left” and “right”. These have the property that, for 1 ≤ i, j ≤ r,
hq(Ri) crosses Rj , if at all, just once and does so through the top and
bottom. Similarly, h−q(Ri) crosses Rj at most once and does so through
the left and right sides. Similarly, the dynamical system h : X∗h → X
∗
h
admits a Markov partition [4, Section 9]. In this latter case, the top and
bottom sides of the rectangles are arcs in leaves of Λ− and the left and
right sides are arcs in Λ+. We allow rectangles that degenerate to a single
arc or even a point. In the pseudo-Anosov case, the Markov rectangles are
non-degenerate. In the following discussion g : X → X represents either
hq : S → S or h : X∗h → X
∗
h. We let X denote the Lh-saturation of X, a
compact lamination. Our goal in this section is to prove the following.
Theorem 6.13. The asymptotic cycles for X contribute finitely many gen-
erators to the cone Ch.
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Together with the results of the previous section, this will complete the
proof of Theorem 6.5.
There is an r × r matrix A = [aij ] of 0’s and 1’s encoding which letter
can follow which. That is, j can follow i if and only if aij = 1. The
set of all allowable bi-infinite sequences is denoted by SA and the so-called
subshift of finite type σA : SA → SA shifts each sequence one step to the
right. There is a compact, totally disconnected (usually Cantor) topology
on SA and g : X → X is semi-conjugate to σA as we now describe. An
element ι = (ik)k∈Z ∈ SA represents a unique point xι ∈ Ri0 ∩X such that
gk(xι) ∈ Rik , ∀k ∈ Z. In terms of the lamination X, this means that the
leaf issuing from xι meets L successively in Ri0 , Ri1 , . . . , Rik , . . . in forward
time, with a corresponding statement for backward time. While each ι ∈ SA
encodes a unique point of X, some points of X may have finitely many
such representatives. The problem is that distinct Markov rectangles may
meet along parts of their boundaries. Thus the map ι 7→ xι is finite to one,
defining a semi-conjugacy of σA to g : X → X. We omit details since the
theory of Markov partitions is a well understood part of dynamical system
theory.
Remark. In the case of h : X∗h → X
∗
h, the rectangles can be chosen to be
disjoint and the semi-conjugacy is an honest conjugacy.
The periodic elements of SA are those carried to themselves by some
power σpA, p ≥ 1. These correspond to closed leaves in X. The substring
(i0, i1, . . . , ip−1) of a periodic sequence ι, σ
p
A(ι) = ι, where p ≥ 1 is minimal,
will be called the period of ι. The substring (i0, i1, . . . , ip−1, i0) will be called
a periodic string. If no proper substring of a period is a periodic string, we
say that the period is minimal. Since there are only finitely many distinct
entries occurring in the sequences ι ∈ SA, it is evident that there are only
finitely many minimal periods. Those closed leaves γ of X that correspond
to minimal periods in the symbolic system will be called minimal loops in
X and denoted by γ1, γ2, . . . , γn.
Let Φt denote the flow on Ŵ that stabilizes ∂τŴ pointwise, has flow lines
in W coinciding with the leaves of Lh and is parametrized so as to preserve
F|W and so that Φ1|L = h.
Let ι = (ik)
∞
k=−∞ ∈ SA and suppose that iq = i0 for some q > 0. Let
x ∈ Rι =
⋂∞
j=−∞Rij . Then there is a corresponding singular cycle Γq
formed from the orbit segment γq = {Φt(x)}0≤t≤q and an arc τ ⊂ Ri0 from
Φq(x) = h
q(x) to x. Also, since iq = i0, there is a periodic element ι
′ ∈ ΣA
with period i0, . . . , iq−1 and a corresponding closed leaf Γι′ = Γ
′ of X.
Lemma 6.14. The singular cycle Γq and closed leaf Γ
′, obtained as above,
are homologous in Ŵ . In particular, the homology class of Γq depends only
on the periodic element ι′.
Proof. The loop Γ′ is the orbit segment {Φt(y)}0≤t≤q , for a periodic point
y ∈ Ri0 ∩ h
−1(Ri1) ∩ · · · ∩ h
−q(Riq ) = R
′.
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Remark that x ∈ R′ also. Let τ ′ be an arc in the rectangle R′ from x to
y and set τ ′′ = hq(τ ′), an arc in hq(R′) from hq(x) to y. Since iq = i0,
hq(R′) ⊂ Ri0 and the cycle τ + τ
′ − τ ′′ in the rectangle Ri0 is homologous
to 0. That is, we can replace the cycle Γq = γq + τ by the homologous cycle
γq − τ
′ + τ ′′. Finally, a homology between this cycle and Γ′ is given by the
map
H : [0, 1] × [0, q]→ Ŵ ,
defined by parametrizing τ ′ on [0, 1] and setting
H(s, t) = Φt(τ
′(s)).

Corollary 6.15. Every closed leaf Γ of X is homologous in Ŵ to a linear
combination of the minimal loops in X with non–negative integer coefficients.
Proof. The closed leaf Γ corresponds to a period (i0, . . . , iq−1). If this period
is minimal, we are done. Otherwise, after a cyclic permutation, we can
assume that the period is of the form (i0, i1, . . . , ip = i0, ip+1, . . . , iq−1). We
then see that Γ is homologous to the sum of two loops, one being the arc γ of
Γ corresponding to the periodic string (i0, . . . , ip = i0) followed by an arc τ
from the endpoint of γ to its initial point, and one being −τ+γ′, where γ′ is
the subarc of Γ corresponding to the periodic string (i0, ip+1, . . . , iq−1, iq =
i0). By Lemma 6.14, both γ + τ and −τ + γ
′ are homologous to closed
orbits corresponding to periods strictly shorter than (i0, . . . , iq−1). Thus,
finite iteration of this procedure proves the corollary. 
Let ι = (ik)
∞
k=−∞, ι
′ = (i′k)
∞
k=−∞ ∈ SA and suppose that
(i0, i1, . . . , iq) = (i
′
0, i
′
1, . . . , i
′
q),
not necessarily a period. Let x = xι and x
′ = xι′ . Both of these points are
in
R′ = Ri0 ∩ h
−1(Ri1) ∩ · · · ∩ h
−q(Riq ).
Choose a path τ in Ri0 from x
′ to x and a path τ ′ ⊂ Riq from h
q(x′) to
hq(x). Consider the orbit segments Γ = {Φt(x)}
q
t=0 and Γ
′ = {Φt(x
′)}qt=0.
Let K be an upper bound of the diameters of Ri, 1 ≤ i ≤ n. Then the paths
τ and τ ′ can always be chosen to have length less than K.
The following is proven analogously to Lemma 6.14.
Lemma 6.16. The singular chains Γ′ and τ + Γ − τ ′ are homologous. In
particular, for each closed 1-form η on Ŵ ,∫
Γ′
η =
∫
τ+Γ−τ ′
η.
Here, the paths τ and τ ′ have length less than K.
Proposition 6.17. Every homology direction can be arbitrarily well approx-
imated by nonnegative linear combinations of the minimal loops.
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Proof. Let Γ = {Φ(t)(x)}∞t=−∞ be an orbit and suppose that x corresponds
to the symbol ι = {ir}
∞
r=−∞. By a suitable shift, we can assume that i0
occurs infinitely often in forward time in this symbol. Consequently, for
each index i in ι, there is a positive integer ki such the the (i, i0)-entry
in Aki is strictly positive. Let k be the largest of the ki. Thus, given a
substring (i0, i1, . . . , iq) of ι, there is a periodic element ι
′ ∈ ΣA with period
(i0, i1, . . . , iq, iq+1, . . . , iq+s), where s ≤ k. Let Γ
′
q denote the corresponding
periodic orbit. If we parametrize the flow Φt by the invariant measure for
F of period 1, then the length of the segment Γq of Γ corresponding to the
string (i0, i1, . . . , iq) is q. Choosing a suitable sequence q ↑ ∞, we obtain the
general homology direction
µ = lim
q→∞
1
q
∫
Γq
.
Passing to a subsequence, we also obtain a cycle
µ′ = lim
q→∞
1
q
∫
Γ′q
.
Since s is bounded independently of q, Lemma 6.16 implies that µ and µ′
agree on all closed 1-forms, and so µ′ is a cycle homologous to µ (both in
(D′∗, ∂) and (E
′
∗, ∂)). Corollary 6.15 then implies the assertion. 
By Lemma 5.7, Theorem 6.13 follows, hence the proof of Theorem 6.5 is
complete.
6.4. Uniqueness of the Handel-Miller cone. Each periodic piece in
the Nielsen-Thurston decomposition of the nuclei contributes just a ray of
homology classes to C′h. Each pseudo-Anosov piece contributes a closed,
convex subcone. Although the choice of the restriction of h to a pseudo-
Anosov pieces is not unique, any two choices h and h′ are related by (h′)p =
ϕ ◦ hp ◦ ϕ−1, where p is the power of h leaving the pseudo-Anosov piece
invariant and ϕ : L → L is a homeomorphism isotopic to the identity and
supported on the pseudo-Anosov piece (cf. [29]). This also holds, by the
same reference, for the periodic pieces. By an argument entirely analogous
to the proof of Corollary 5.12, we obtain the following.
Proposition 6.18. The Handel-Miller cone C′h = C
′
hp is independent of
the allowable choices of h on the pseudo-Anosov and periodic pieces in the
nuclei.
Remark. In particular, not only are the cones independent of the allowable
choices of h but also the homology directions associated to the map hp span
the same cone as those of h.
Theorem 6.19. The Handel-Miller cone C′h ⊂ H1(Ŵ ) is independent of
the choice of the tight Handel-Miller representative of the isotopy class of
the endperiodic monodromy of L.
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Proof. Let h and g be two such choices. By [4, Theorem 10.10], the lam-
inations Λ± associated to h and the laminations Π± associated to g are
simultaneously ambiently isotopic. That is Π± = ϕ(Λ±) where ϕ : L → L
is a homeomorphism isotopic to the identity. Let X∗h and X
∗
g denote the
meager invariant sets for the respective laminations.
While the choices of h and g associated to these laminations is not unique,
the restrictions h|X∗h and g|X
∗
g are unique. Combined with Proposition 6.18,
this allows us to assume that ϕ−1 ◦ g ◦ ϕ = h on the full invariant set. By
Corollary 5.12, C′h = C
′
g. 
Remark. Because of this theorem, we will denote the cone C′h by C
′
F
and
the dual H1κ(Ŵ )-cohomology cone by C
κ
F
and the dual H1(Ŵ )-cohomology
cone by CF. Note that h is tight (and smooth) Handel-Miller monodromy.
Definition 6.20. The cohomology cones CF and C
κ
F
are called Handel-Miller
foliation cones.
Remark. The cohomology cones CF and C
κ
F
are the cones in Theroems 2.4
and 2.5.
6.5. The proof of Theroem 2.5. We showed in Theorem 6.19 that the
Handel-Miller cones C′
F
⊂ H1(Ŵ ) are well defined. It follows that the
Handel-Miller foliation cones Cκ
F
⊂ H1κ(Ŵ ) are well defined. By Corol-
lary 6.6, the Handel-Miller foliation cones are closed, convex, and polyhedral
with finitely many faces of codimension one.
Suppose Ĥ is an admissible foliation of Ŵ and L̂ is a stongly transverse
one-dimensional foliation. Then by Theorem 5.15 the open cone intCX ⊂
H1(Ŵ ) consists of foliated forms transverse to L. Thus, there exists a
foliation of relative depth one in CX with monodromy f , L = Lf and C
κ
X
= Cκf
which, by Theorem 6.27, is contained in some Handel-Miller foliation cone
Cκ
F
. Thus, Ĥ ∈ Cκ
F
. Thus, the C0 isotopy classes of admissible foliations
Ĥ of Ŵ that are trivial in the arms are in natural correspondence with the
rays out of the origin in the interiors of the Handel-Miller foliation cones.
We will prove that this correspondance is one-to-one in [5].
To prove Theroem 2.5, it remains to show that the foliation cones have
disjoint interiors, which we do in Theorem 6.27, and that the Handel-Miller
foliation cones are finite in number, which we do in Section 6.5.2.
6.5.1. Maximality of the Handel-Miller foliation cones. Our next goal is to
show that, if g is an endperiodic map in the isotopy class of h, then Cκg ⊆ C
κ
F
.
In fact, we will show that if g is a monodromy map for any smooth fibration
G of W , then either (intCκg ) ∩ C
κ
F
= ∅, or Cκg ⊆ C
κ
F
.
We begin with an analysis of the group G = H1κ(Ŵ ) ∩ H
1(Ŵ ;Z). This
will play the role of the integer lattice in H1κ(Ŵ ). The “rational rays” in
this vector space will be those rays issuing from the origin that meet G in
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nonzero points. It will be crucial that the union of the rational rays be dense
in H1κ(Ŵ ).
Recall from Subsection 5.2 that the topology on H1κ(Ŵ ) = lim−→H
1
κ(K
◦
i )
can be taken to be the weak topology.
By ∂Ki we will mean the relative boundary of Ki in Ŵ . It consists of
finitely many disjoint rectangles and/or annuli. Each annular component
interfaces with an arm of the octopus decomposition and is Lh-saturated.
Each remaining arm interfaces with Ki along a union of some of the rect-
angular components. No component can be a Mo¨bius strip since it will be
fibered by oriented intervals that are arcs of Lh. Recall that K
◦
i = Kir∂Ki.
Lemma 6.21. The subspace H1κ(K
◦
i ) ⊂ H
1(Ki) consists of those classes
which restrict to 0 in H1(∂Ki).
Proof. If [ω] ∈ H1(Ki) restricts to 0 on ∂Ki, then ω|∂Ki is exact, hence is
also exact in a normal neighborhood N of ∂Ki. That is, ω|N = dλ for a
smooth function λ which can be damped off to 0 and extended by 0 to a
smooth function λ on all of Ki. Then ω − dλ has compact support in K
◦
i .
The converse is immediate. 
Set Gi = H
1
κ(K
◦
i ) ∩H
1(Ki;Z), a finitely generated, free abelian group.
Lemma 6.22. The subgroup Gi ⊂ H
1
κ(K
◦
i ) is a full lattice subgroup of (i.e.,
spans) this finite dimensional vector space.
Proof. The core loops of the annular components of ∂Ki represent elements
(not necessarily linearly independent) of the finitely generated, free abelian
group Γi = H1(Ki;Z)/ torsion. We call them “peripheral” elements. Let
Γ′i ⊆ Γi be the smallest direct summand in this lattice that contains the pe-
ripheral elements. In particular, by Lemma 6.21, the classes inH1(Ki) which
vanish on Γ′i are exactly the elements of H
1
κ(K
◦
i ). If [σ1], [σ2], . . . , [σr] are a
basis of Γ′i, then extend to an ordered basis ([σ1], . . . , [σr], [σr+1], . . . , [σq]) of
Γi, hence of H1(Ki), Let ([ω1], . . . , [ωr)], [ωr+1], . . . , [ωq]) be the dual basis
of H1(Ki). Then, by Lemma 6.21, the classes [ωj ] lie in Gi, r + 1 ≤ j ≤ q,
and form a basis of H1κ(K
◦
i ). 
It is standard that the rays in the finite dimensional vector space H1κ(K
◦
i )
which meet the full lattice Gi at nonzero points (the rational rays) unite to
form a dense subset of that vector space. Furthermore, note that
G0 ⊆ G1 ⊆ · · · ⊆ Gi ⊆ · · ·
has increasing union G ⊂ H1κ(Ŵ ). An appeal to the definition of the weak
topology makes the following clear.
Corollary 6.23. The union of the rational rays is dense in H1κ(Ŵ ).
Proposition 6.24. The rational foliated ray 〈G〉 lies in intCκ
F
if and only
if Cκ
G
= Cκ
F
.
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Proof. Suppose that 〈G〉 ⊂ intCκ
F
. By Theorem 5.15, we take the foliation
G to be transverse to Lh. By the “transfer theorem” [4, Theorem 12.5], Lh
induces Handel-Miller monodromy g on each leaf of G|W . A comment is
needed since, in [4], it was not required that Handel-Miller monodromy be
exactly Nielsen-Thurston on N ′. But, as the transfer theorem is obvious
on the Nielsen-Thurston periodic pieces and Fried [15] proves the transfer
theorem for the Nielsen-Thurston pseudo-Anosov pieces, the discussion in
Section 12 of [4] is easily augmented to accomodate that requirement. Thus,
the cones Cκ
G
and Cκ
F
are determined by the same core lamination Xg = Xh
and so are identical. For the converse, Cκ
G
= Cκ
F
, for rational foliated rays
〈G〉 and 〈F〉, clearly implies that 〈G〉 ⊂ intCκ
F
. 
Corollary 6.25. No rational foliated ray is contained in ∂Cκ
F
.
Proof. If there is a rational foliated ray 〈G〉 ⊂ ∂Cκ
F
, then intCκ
G
∩ intCκ
F
6= ∅.
By Corollary 6.23, there is a rational foliated ray 〈H〉 ⊂ intCκ
G
∩ intCκ
F
. By
Proposition 6.24, we see that Cκ
G
= Cκ
H
= Cκ
F
. That is, 〈G〉 ⊂ intCκ
F
, contrary
to our hypothesis. 
The boundary ∂Cκ
F
is made up of r top faces F1, . . . , Fr, where Fi is a
convex, polyhedral cone with nonempty (relative) interior in the hyperplane
[µi] = 0.
Lemma 6.26. Each Fi contains a dense family of rays that meet nontrivial
points of the integer lattice H1κ(Ŵ ;Z).
Proof. Since [µi] is an integral homology class, it takes integer values on the
integer lattice. The corresponding claim is standard in the finite dimensional
spaces H1κ(K
◦
j ) and remains true in the direct limit by the definition of the
weak topology. 
Theorem 6.27. If g is a monodromy map (endperiodic) for a fibration G
of W , then either (intCκg) ∩ C
κ
F
= ∅, or Cκg ⊆ C
κ
F
. In particular, Cκ
F
= Cκh
is the maximal foliation cone for monodromies in the isotopy class of h and
two maximal foliation cones either coincide or have disjoint interiors.
Proof. If (intCκg)∩C
κ
F
6= ∅ and Cκg 6⊆ C
κ
F
, then Lemma 6.26 implies that there
is a rational foliated ray in ∂Cκ
F
, contradicting Corollary 6.25. 
Remark. Correspondingly, the dual homology cone C′
F
= C′h is the minimal
C′g for all monodromies g isotopic to h. In this sense, we can say that the
tight Handel-Miller monodromy has the “tightest” dynamics in its isotopy
class.
6.5.2. Finiteness of the set of Handel-Miller foliation cones. The nucleus
K0 of the octopus decomposition of Ŵ cuts off finitely many arms which
are of the form B × I, where B ⊂ ∂τŴ is connected and noncompact. All
of our foliations G that appropriately extend F|(M rW ), when restricted
to an arm, are transverse to the I fibers. Thus, for all the appropriate
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foliations G with Handel-Miller monodromy g, the core lamination Xg lies
in K0. The cone C
κ
G
is defined by inequalities [γi] ≥ 0, 1 ≤ i ≤ r, where
each γi is a periodic orbit in Xg. These same inequalities define the cone
CG|K0 ⊂ H
1(K0) determined by the depth one foliation G|K0 of the sutured
manifold K0. This sets up a one-to-one correspondence between the set KW
of Handel-Miller foliation cones in H1κ(Ŵ ) and a subset of the set of Handel-
Miller foliation cones in H1(K0). By [6, Theorem 6.4], it follows that there
are only finitely many of these cones.
The proof of Theorem 2.5 is complete.
7. Foliations of class C0+
In this section, we prove Theorem 2.4. We relax the smoothness condition
on the foliation F of M to C0+ and analyze the cones Ci ⊂ H1(Ŵ ).
The isomorphism H1(Ŵ ) = lim←−H
1(Ki) is induced by the natural homo-
morphisms ψi : H
1(Ŵ ) → H1(Ki). Recall from Subsection 5.2 that the
topology on H1(Ŵ ) is the standard inverse limit topology, relativized from
the Tychonov topology via the inclusion
lim←−H
1(Ki) ⊂ H
1(K0)×H
1(K1)× · · · ×H
1(Ki)× · · · .
Since ψi is induced by projection of the product onto its ith factor, it is
continuous.
Let Vi ⊂ H
1(Ki) denote the image of ψi and remark that H
1(Ŵ ) = lim←−Vi.
Also note that, since H1(Ŵ ) = H1(Ŵ ;Z)⊗R, the integer lattice H1(Ŵ ;Z)
is carried onto a full lattice subgroup of Vi, i ≥ 0. Indeed, it is carried onto
Vi∩H
1(Ki;Z) and this must be a full lattice subgroup since ψi surjects onto
Vi. Recall that the rays issuing from the origin in H
1(Ŵ ) that meet nonzero
integer lattice points are called rational rays.
Lemma 7.1. The union of rational rays in H1(Ŵ ) is everywhere dense.
Proof. The open sets in H1(Ŵ ) = lim←−Vi are unions of sets of the form
U = lim←−Vi ∩ (U0 × U1 × · · ·Un × Vn+1 × Vn+2 × · · · ),
where Ui ⊆ Vi is open, 0 ≤ i ≤ n. If this set is nonempty, we must prove
that it meets a rational ray. Let θi : Vn → Vi be the natural surjection,
0 ≤ i < n. Then the set
Y = Un ∩ θ
−1
n−1(Un−1) ∩ · · · ∩ θ
−1
0 (U0)
is open and the assumption that U 6= ∅ implies that Y 6= ∅. Since Vn is
finite dimensional, the rational rays do have dense union there, hence we
select such a ray ρ that meets Y . There is a rational ray ρ′ in H1(Ŵ ) which
is mapped onto ρ by ψn. Viewing ρ
′ in lim←−Vi, one sees that it meets U . 
Let ζ ∈ H1(Ŵ ). This class is represented by a singular cycle which
necessarily lives in Kk, for large enough k ≥ 0. Then ζ : H
1(Kk) → R
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is a continuous linear functional. We can define ζ : H1(Ŵ ) → R by the
composition
H1(Ŵ )
ψk−→ H1(Kk)
ζ
−→ R,
remarking that this is independent of the choice of large enough k and defines
a continuous linear functional.
We assume F is only of class C0+. The reader will note that the lack of
smoothness is only for the foliations in M , the foliation in each Ŵ being
itself of class C∞. We consider F|Ŵ . While this foliation may never trivialize
outside any Ki, F|Ki is a depth one foliation and our previous discussion can
be applied to it. Note that, since we are working in the compact manifold
Ki rather than K
◦
i , all differential forms are compactly supported. We can
assume that the arms are the connected components of Ŵ rK◦0 , hence that
F is transverse to the interval fibers in these arms.
The above discussion works in dimensions ≥ 3 without restrictions on
the topology of leaves. We now require dimM = 3 and that semiproper
leaves satisfy the assumption in Subsection 2.6. Handel-Miller theory [4]
does not apply directly to the foliations of Ŵ that are fibrations extending
the foliation F|(M rW ). Indeed, such a foliation may be nontrivial outside
every Ki, hence the monodromy will not be endperiodic. It will be necessary
to work in the progressively expanding sutured manifolds Ki, in each of
which the endperiodic theory works fine, in order to produce the Handel-
Miller foliation cones in H1(Ŵ ) = lim←−H
1(Ki). We only need note that, by
the assumption that no semiproper leaf is contractible or homotopic to the
circle, we can guarantee that each component of ∂τKi has negative Euler
characteristic.
We can choose the monodromy h so that, in the arms, it is given by
the flow along these interval fibers and is tight (and smooth) Handel-Miller
monodromy for F|K0, hence also for F|Ki, i ≥ 0. (One should note that
a leaf of F may intersect Ki in a finite family of leaves of F|Ki, but this
really doesn’t matter.) Thus, the core lamination Xh of Lh|Ki lives in K0
and is independent of i. Recall from Theorem 6.5 and Corollary 6.6 that
this lamination gives a set [µ1], [µ2], . . . , [µr] ∈ H1(Ŵ ), hence the linear
inequalities [µi] ≥ 0 define a polyhedral cone inH
1(Ŵ ), the cone of foliations
we have designated by Ch and now designate by CF.
7.1. The proof of Theroem 2.4. We showed in Theorem 6.19 that the
Handel-Miller cones C′
F
⊂ H1(Ŵ ) are well defined. It follows that the
Handel-Miller foliation cones CF ⊂ H
1(Ŵ ) are well defined. By Corol-
lary 6.6, the Handel-Miller foliation cones are closed, convex, and polyhedral
with finitely many faces of codimension one.
Suppose Ĥ is an admissible foliation of Ŵ and L̂ is a stongly transverse
one-dimensional foliation. Then, by Theorem 5.15, the open cone intCX ⊂
H1(Ŵ ) consists of foliated forms. Thus, there exists a foliation of relative
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depth one in CX with monodromy f . Therefore, L = Lf and CX = Cf which,
by Theorem 7.5 is contained in some Handel-Miller foliation cone CF. Thus,
Ĥ ∈ CF. Thus, the C
0 isotopy classes of admissible foliations Ĥ of Ŵ that
are trivial in the arms are in natural correspondence with the rays out of
the origin in the interiors of the Handel-Miller foliation cones. We will prove
that this correspondance is one-to-one in [5].
To prove Theroem 2.4, it remains to show that the Handel-Miller foliation
cones have disjoint interiors, which we prove in Theorem 7.5, and that the
Handel-Miller foliation cones are finite in number, which follows as before
from the finiteness of the cones for K0.
We have seen that intCF consists of classes of foliated forms. Any such
form in the integer lattice restricts to an element of the integer lattice in
each H1(Ki), hence has as period group a subgroup of Z. Thus the rational
rays in intCF correspond to fibrations of W .
Proposition 7.2. A rational foliated ray 〈G〉 lies in intCF if and only if
CG = CF.
Proof. Suppose that 〈G〉 ⊂ intCF. By Theorem 5.15, we choose G transverse
to Lh. The proof of Proposition 6.24 carries through for 〈G|Ki〉 and C
κ
F|Ki
,
0 ≤ i < ∞, showing that Lh induces Handel-Miller monodromy for G|Ki
also, 0 ≤ i < ∞. In particular, the same family µ1, . . . , µr defines the
Handel-Miller foliation cone for both F|Ki and G|Ki, 0 ≤ i < ∞, hence
CF = CG. Again, the converse is trivial. 
Corollary 7.3. No rational foliated ray is contained in ∂CF.
Proof. This follows from Lemma 7.1 and Proposition 7.2 exactly as Corol-
lary 6.25 follows from Corollary 6.23 and Proposition 6.24. 
The boundary ∂CF is made up of r top faces F1, . . . , Fr, where Fi is a
convex, polyhedral cone with nonempty (relative) interior in the hyperplane
[µi] = 0.
Lemma 7.4. Each Fi contains a dense family of rays that meet nontrivial
points of the integer lattice H1(Ŵ ;Z).
Proof. This is proven analogously to Corollary 7.1. Simply add the con-
straint [µi] = 0. 
Theorem 7.5. If g is a monodromy map (endperiodic) for a fibration G of
W , then either (intCg) ∩ CF = ∅, or Cg ⊆ CF. In particular, CF = Ch is the
maximal foliation cone for monodromies in the isotopy class of h and two
maximal foliation cones either coincide or have disjoint interiors.
Proof. If (intCg)∩ CF 6= ∅ and Cg 6⊆ CF, then Lemma 7.4 implies that there
is a rational foliated ray in ∂CF, contradicting Corollary 7.3. 
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